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INTRODUCTION

PPSWR (Probability proportional to size—with replacement)
sampling is one of the several procedures that are used to get more
precise estimates of population total or mean for the estimation
variable Y, when information on a highly positively -correlated
auxiliary variable X is available (Sukhatme and Sukhatme 1970). If
the regression of Y on X in the population is of the form y=a+bx
where a and b>0 are constants, then the efficiency of PPSWR sampl-
ing with respect to simple random sampling is high when ais either zero
or is nearly so. The efficiency decreases with the increase in the value
of | a | ,although the correlation coefficient remains positive and high
(Des Raj : 1958). Then there are cases where the relationship between
the variables ¥ and X is not linear and assumes various different
forms. In all such cases usually the PPSWR sampling is not expected
to be efficient. This scheme is, therefore, recommended only in those
cases where Y values for different population units are approximately

proportional to the corresponding X values.

The purpose of the present paper is to suggest a procedure
which enables us to use PPSWR sampling efficiently in all cases where
the regression of ¥ on X is of the type y=¢(x), ¢(x) being some
function of x. It is proposed to treat $(x) as the new auxiliary
variable, although it may not always be possible to ascribe a physi-

* eal meaning to it. The regression of ¥ on $(x) will be linear through

origin. The PPSWR sampling with #(x) as the measure of size can,
therefore, be expected to be quite efficient.

If the form of the function ¢(x) is known in advance alongwith
the X-values for all the units in the population, the value of ¢(x) can
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be easily calculated for all population units, A PPSWR sample, with
&(x) as the size measure, can then be selected and the usual estimation

procedure followed.

For the cases where the form of the function ¢(x) is not known,
we propose the following sampling scheme.

2. TH= PROPOSED SAMPLING SCHEME

Let the finite population Q consist of N units U;, U,, ..., UN.
Then in place of drawing a sample of size n straightaway from Q, we
propose to draw an initial sample of size m (m<<n) with PPSWR
taking [p;] as the selection probabilities. Both the variables ¥ and X
are then observed on these m units. Assuming that we have a rule
R which enables us to arrive at an unique function ¢#(x) from a given
initial sample, let y=¢(x, r) denote the regression of Y on X obtained
from the rth (r=1, 2, ..., N*) initial sample S(r, m). The initial
sample is then augmented by a second sample of (m—m) drawn with
PPSWR scheme from §, —S’(r, m) where S’(r, m) is the set of distinct
units in S(r, m). For selecting the second sample ¢(x, r) is taken as
the measure of size.

If the selection probabilities [p;] are taken to bé'proportional
to X values, the use of this method amounts to the inbetween modi-
fication of the size measure. -

3. ESTIMATE OF POPULATION TOTAL
We consider the following estimate of population total Y.

A A A
y=Wiyi+W, . (3.1
where
A .
yi=m E (J’5—¢(xi, r) ) p:t+ Z‘ﬁ(xi, r),
i Q
A
ye=(m—m)" 3 yilp/(r)+y'm,
i
p’f(r)-:"qs(xi’ l')/ 3 ¢(xi5 l'),
Q—8"{r, m)
y,’n=E Yis
S’ (r,m)
and Wl+ W2=1.
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A
Although the estimate y, is unbiased for the total Y, the estimate
A A
Y is biased as it involves the regression estimate y;.

Out of N™ possible initial samples of size m, (N—1)" will not
include any particular unit. The probability p;/(r) is defined only
when S (r, m) DU;. Let us define the sets of samples.

S:={S(@r, m)[S(r, m) ) U}
and Si={S(r, m)[{S(r, m) DU}

Following theorem then gives an approximate expression for the
! \ A
variance of the estimate y.

A A
Theorem 3.1. : The variance V(Y) of the estimate ¥ is approxi-
mately given by :

V=W 02 (-9 3o Boop, ) SIPCTln )
i#£]

. 2(m—m)
. - (3.2
where ¢,>=3 p2/p,—?
Q .
e=(S yixilos—xp)|V[(Sydlei—1?) ExPpi—xD)],
Q Q Q
Yo=(1—pi—p,)™,
Pir)=¢(x;, 1) 3 ¢ (Xi,r),
Q
and
E,=Expected value over all possible S(r, m).
Proof :— The variance
A A . A A A
V(y)=w? V(y)+2W, W, Cov (V1 Y)WV (y) - (3.3)

Now since y; is the regression estimate, we have approximately

A
V(y)=c% (1—p*m) e (34
where o,® and ¢ are as defined in (3.2).

Let E,, Cov.,, V, and E,; Cov.,, V; stand for the expectation, co-

variance and variance for a given S (r, m) and over all possible S(r, m)
respectively. Then

A A A A A A
Cov (31, yo)=E, Cov, (71> y2)+Cov, [E2(y1), Ex(p2)]=0. - (3.5)
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Also

A A A
V(o) =E\Vo(y2)+ ViEa(ye)

=(n—m)~ E[ é YiElpd () —(y—y m)?]

—S'(r, m)

=n—m)E\[ 3 8 p(r) 3 t: y2[pdr)— (% t; y2)°]
Q Q Q

=E1[i i jtsi é’ pir)p; (r)(yi/pi(r) —y;-/p;(r))2 ]/2(n—m)

(3.6)
where #;=1if VieQ—S' (r, m)
=0 otherwise.
It is easy to see that
E(t)=E({*)=(1—p;)™ and for i#j
E(tat)=(1—pi— )" =Y4 } @7

Now from (3.6 and 3.7), we get on taking the epxectation first
over a fixed set {p,(r)} and then over all values taken by {p.(r)},

V(y)= ii };gl{pi(r)pa(r} (y,-/pi(r)—y;/pj(r) ) }/2(n—m)---(3-8)
From (3.3), (3.4), (3.5) and (3.8) we get the varjance of the estimate

A
Y as given in (3.2).

A
4. ESsTIMATION OF VARIANCE V(Y)

A
The estimation of Variance ¥(Y) amounts to finding estimates

A A
of the variances V(Y;) and ¥V (Y,). Let ei(r)=y;—¢(x;, r), then as
usual we take

Vo)=I :§=;f<r>/pf—m-l( I_%:]e,(r')/pi)z]/m(m—l) o (4

A
as an estimate of ¥ ().
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A
— Coming to the estimation of variance V(y,), if the coefficient of
Wail{(n—m) in (3.2) is denoted by o,2(H), then it can be easily seen
A
that an unbiased estimate of ¢,2(H) is given by ¢,?(H) where -

. (H) =(n—m—=1)7" [ 5 y2[p/*(r)—(n—m)7{ Ziyi/p'i(r)}zl - (42
where p’,(r) is as defined in (3.1). Therefore, we have
IA/(J)2)=3Z?(H)/(n—m). . (43)

. A
It may be remarked here that the estimate of V(y,) has been
obtained from the preliminary sample of size m while the second
sample selected in any particular case has been used for estimating

A
the variance ¥(y,). One can easily see that various other estimates can
also be obtained for these variances, but it is felt that they may be
important only when it is desired to investigate into the accuracy
of different estimators. In the present paper, this aspect of the
problem is not being considered.

5. SoME FURTHER REMARKS

1. The optimum values of the weights #; and W, in 3.1 are,
as usual given by

A
_ V()
Wis—% 7+ and W,=1-w, o (8)
V(y)+V(y) :

A A
If we have some idea about the magnitude of V(y) and V(y,) these
values can be uszd in (5.1) to get the weights W, and W,. In case
no such information is available we have to use in (5.1) the estimated
variances. The values of W, and W, so obtained will, however,
become random variables.

2. The second sample of size (n—m) could also be selected
from the whole population Q in place of selecting it from Q —S'(r, m).
In such a situation we will have

;2'2(’1_””)_1 zz yilpLr), e (5.2)
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as an unbiased estimate of the total Y. The sampling procedure

suggested in the present paper is, however, more efficient since we
have

2(n—m)[ V(yz) V(ya [ E (1 Yis) Pz(")Pa(’)( pl(l —ng(}Tj))ZJ

| S0 .. (5.3)
as Yiy=(l—p;—p)™<1.

3. As m enters in the definition of "v;, the determination of
its optimum value is quite complicated and is not attempted here.
Even if the expression for optimum m is available it will involve the
function $(x) which we know only after the selection of the initial
sample. Therefore, the availability of the formula for optimum m
will not be of much use.

REFERENCES
1. Raj, Des. (1958) : On the relative accixracy of some sampling tech-
niques. Jour. Amer. State. Assoc. 53, 98-101. :
2. Sukhatme, P.V. and : Sampling theory of surveys with applications. Asia

Sukhatme B.V. (1970) Pubhshmg House, New Delhi.




